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Conservative form of the density of states of a photonic crystal with a pseudogap
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We show that the total number of states in a photonic crystal in the entire allowed frequency regime will be
conserved, and it is equal to that of its corresponding effective medium, i.e., if the density of states~DOS! has
a valley~s! in some range~s! of frequencies, it must be compensated for by increases over some other range~s!.
This rule is of importance in developing a model pseudogap in order to describe the mean emission charac-
teristics of the system when there is a collection of dependently emitting atoms or molecules with essentially
random dipole orientations in a large volume and the spectrum of the active atoms is wide enough. This is
because, with this rule, the states-conservative model always results in DOS-induced suppression, absolute
enhancement, narrowing, spectrum splits, and redshift or blueshift of spontaneous-emission spectra.
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I. INTRODUCTION

In recent years there has been great interest in spont
ous emission~SE! @1–6#, Raman scattering@7,8#, and other
nonlinear effects@9–12# in photonic crystals~PC’s!. These
research fields will lead to a multitude of potential applic
tions in high-precision measurements, lasing without inv
sion, quantum computation, and quantum information the
It is well known that spontaneous emission depends not o
on the energy structure of an atom or molecule but also
the optical properties of the surrounding environment, m
specifically, on the local density of states~DOS! of the ra-
diation field@1–6#. Up to now, a few dispersion models ne
band edges have been extensively employed to study th
problems in PC’s with absolute photonic band gaps~PBG’s!
@2,3#. Obviously, to produce a full PBG typically requires
connected network of high-index material containing a pe
odic array of air voids or void regions made of a mater
with a dielectric constant that is sufficiently low relative
the first material; for example, a minimum dielectric ratio
2.8 is required for a full PBG in an inverse opal structu
Clearly, PC’s with complete PBG’s are difficult to fabrica
on the submicron length scale of the optical and ne
infrared frequency range, although much progress has
cently been made in fabricating three-dimensional~3D! PBG
crystals at near-infrared wavelengths@13#.

Recently, there has also been considerable experime
work on radiative emission from active materials embedd
in optical PC’s with photon propagation pseudogaps, i
materials that prohibit photon propagation in only certa
directions@14–16#. In fact, many types of research do n
require a complete photonic band gap but only a strong
even not so strong, pseudogap. Thus the remaining prob
is naturally how to develop a quantitative description a
calculation of the interaction between an atom and the e
tromagnetic modes available in a PC.

Many studies show, as in Ref.@17#, that the inhibition of
spontaneous-emission rates~SER! for one range of transition
frequencies tends to be accompanied by enhancement o
rates at other frequencies. It follows that any reduction
SER over some range of frequencies must, necessarily
1063-651X/2003/68~3!/036610~5!/$20.00 68 0366
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compensated by increases over some other range of tr
tion frequencies. This is the sum rule for the modified SE
as called by Barnett and Loudon@17#.

In this paper we demonstrate, for the first time to o
knowledge, that the states-conservation rule exists over
whole frequency regime, and so we offer a stat
conservation theorem within a modified frequency regim
We will also investigate applications of the rule and the the
rem in expressing analytically the gap structure, especi
the pseudogap, within the modified frequency regime.

II. CONSERVATIVE RULE OF THE DENSITY OF STATES

As is well known, the photon DOS in a three-dimension
PC is defined by@18#

r~v!5
2V

~2p!3 (
n
E

1BZ
d3k d~v2vn,k!, ~1!

whereV is the sample volume in three-dimensional spa
vn,k is the photon dispersion relation in the PC, and 1B
means the first Brillouin zone of the PC. The factor 2 befo
V in Eq. ~1! stands for the two polarizations that are dege
erate in energy.

According to the physical meaning of the DOS in a sy
tem, which is the number of allowed states per unit incre
in v, the total number of states in the system may be
integration of DOS over all the allowed frequency regim
vP@0,vM#, wherevM is large enough and far away from
the modified regime of interest but not so large as to ma
tain the effective refractive index of the systemneff , i.e., the
average refractive index that is close to the value calcula
according to Maxwell-Garnett theory is constant. This cho
of vM is similar to that of John@1# and Bush@19#, which is
chosen to be approximately equal to the electron Comp
frequencyvM5mc2 that probes the relativistic aspects
the electron wave packet, and remains independent o
precise value in the scope of our analysis. Therefore, the t
number of states in the system below the truncated freque
~or its responding wave vector! is
©2003 The American Physical Society10-1
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E
0

vM
r~v!dv5

2V

~2p!3 (
n
E

1BZ
d3kE

0

vM
dv d~v2vn,k!.

~2!

It is of the utmost importance to note that, according to
equation

E
2`

1`

f ~y!d„x2g~y!…dx[ f ~y!, ~3!

no matter what form the dispersion curvevn,k has, the fol-
lowing integration is always valid:

E
0

vM
r~v!dv5

2V

~2p!3 (
n
E

1BZ
d3k52MN. ~4!

Here, M is the truncated number of photonic bands cor
sponding to the truncated frequencyvM , N is the number of
unit cells, and the well-known relation in solid-state phys
that the product of the volume of a unit cell and the volum
of the first Brillouin zone equals (2p)3 for all time is used.
On the other hand, for its effective medium, the integral D
truncated at frequencyvM becomes

2V

~2p!3 (
n
E

1BZ
d3k5

Vneff
3 vM

3

3p2 [E
0

vM
r0~v!dv, ~5!

wherer0(v)5Vneff
3 v2p22 is the density of states in the e

fective medium. In this paper, we let the light velocity
vacuum and Dirac constant\5c51. Therefore, we call Eq
~4! or Eq.~5! the rule of total states conservation, which sa
that the total number of states in a PC, in the entire allow
frequency regime, will always be conservative and will eq
that of the corresponding effective medium. The stat
conservation phenomenon of the PC DOS can always
seen in almost every theoretical outcome calculated acc
ing to realizable PC’s@5# and in experimental results@16# as
well.

III. APPLICATION

For the problem of the spontaneous emission of a spe
active atom or molecule, model DOS’s are generally inva
to account for quantum optical phenomena of this atom
molecule in 3D photonic crystals, and the following pr
jected local density of states~PLDOS!, which is proportional
to the experimentally observable decay constant of an a
or a molecule@4#, should be used@6#:

r l~d,r0 ,v!5(
n
E

1BZ
d3k d~v2vn,k!ud•En,k~r0!u2,

~6!

whered andr0 are, respectively, the direction unit vector
the dipole matrix element for the atomic or molecule tran
tion and the position of the atom or molecule. However
there is a collection of dependently emitting atoms or m
ecules with essentially random dipole orientations in a sm
volume aroundr0 , in order to describe the mean emissi
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characteristics of the system, we average over all s
angles. Hence the local density of states~LDOS! is defined
as @6#

r l~r0 ,v!5(
n
E

1BZ
d3k d~v2vn,k!uEn,k~r0!u2. ~7!

The relation between the LDOS and the total DOS is giv
by the expression@6#

r~v!5
1

VWSC
E

WSC
dr «~r !r l~r ,v!, ~8!

where WSC andVWSC stand for, respectively, the Wigner
Seitz unit cell and its volume, and«(r ) denotes the position
dependent dielectric function of the PC. The above equa
shows that for a small dielectric modulation in the photon
crystal, which implies a weak interaction between the diel
tric and the electromagnetic field, the total DOS can prov
a reasonable description of the field at any point in the p
tonic crystal @6#. Clearly, a crystal exhibiting a stron
pseudogap or a full photonic band gap does not satisfy s
a condition. Therefore, we can say that a model total D
can be used in the problem of the spontaneous emission
collection of dependently emitting atoms or molecules w
essentially random dipole orientations in a small volum
~much less than a unit cell of the PC! with a small dielectric
modulation~a dielectric contrast less than 1.31 may be a
propriate @5#!, i.e., the photonic crystal has a photon
pseudogap.

Many authors have investigated the emission featu
while assuming forms of the DOS that exhibit only an i
verse Lorentzian-like or inverse Gaussian pseudo
@20,21,6#. If we abide by the rule of total states conservatio
the following forms will be appropriate:

rL~v!5r0~v!@11aL~v,vc1 ,G1!2bL~v,vc2 ,G2!#.
~9!

or

rG~v!5r0~v!@11aG~v,vc1 ,G1!2bG~v,vc2 ,G2!#.
~10!

For the situation when a peak, which we call the pseudoed
and a pseudogap are expected, whereL(v,vc ,G) and
G(v,vc ,G) are, respectively, Lorentzian and Gaussian fu
tions,

L~v,vc ,G!5
G2

~v2vc!
21G2 , ~11!

G~v,vc ,G!5expF2S v2vc

G D 2G . ~12!

Parametersa, G1 , andvc1 , respectively, describe the dept
width, and central frequency of the pseudogap;b, G2 , and
vc2 , respectively, are the parameters describing the hei
width, and central frequency of the pseudoedge of the D
0-2
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In the equations above,a andb are dimensionless, andG1,2
andvc1,2 are in units ofv0 that is the central frequency o
the DOS’s modified region of interest, not the central f
quency of the valley or the peak of the DOS. Both of the
DOS’s have the features that they approach the free s
DOS far away from vc , i.e., r(0)50, r(v@vc)
5neff

3 v2p22. The parameters in Eqs.~9! and ~10! should be
determined by the condition

E
0

`

@r~v!2r0~v!#dv50. ~13!

For example,b51.488a when vc1,25160.1, a,1.06,
and G50.1 for a Lorentzian-like DOSrL(v) in Eq. ~9!; b
51.491a when vc1,25160.1, a,1.025, andG50.1 for a
Gaussian-like DOSrG(v) in Eq. ~10!. Here, it must be
noted that the model DOS’s in this paper have a stro
pseudogap in order to illustrate our points boldly. A typic
bandwidth of fluorescence spectra of most efficient orga
fluorescence materials isG50.1, althoughG is much smaller
for most single atoms and molecules. Figure 1 shows th
two model DOS’s usinga51.

From Fig. 1, we can see that both forms of the DOS t
exhibits an inversed Lorentzian pseudogap and a Gaus
pseudogap are similar to each other. It must be noted
L(v,vc ,G) can be used in some cases for simplicity, but t
is not square integrable, so we adopt the Gaussian-
pseudogaps because they cannot lead to any qualitative
tinctions.

Among several models of SE of a two-level atom, w
adopt the theory developed by Woldeyohanneset al. @18#,
which is a theory for a three-level atom, and let the tw
lower levelsu1& andu0& be equal to oneu1&. We also adopt the
authors’ symbol system@18# to describe our two-level atom
That is, u2& is the excited level,u1& is the ground state, an
g21 is the radiation linewidth, which can be as wide as 10

FIG. 1. States-conservative model DOS’s: Gaussian-likerG(v)
described by Eq.~10! with b51.491, vc1,25160.1, G50.1, a
51 ~solid line!, Lorentzian-likerL(v) described by Eq.~9! with
b51.488,vc1,25160.1, G50.1, a51 ~dotted line!, andr0(v) of
effective medium~open circles!.
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like that of the photoluminescence spectrum or Raman sp
trum. The transition frequency that has considered the La
shift is represented byvc1 and is in units ofv0 . Then the
emission spectrum will be

S~v!}
g21

2 z2~v!

~v2v21!
21g21

2 , ~14!

wherez(v) is the ‘‘atom form factor’’ expressed in terms o
the photon DOSr~v!. Given a model DOSr~v!, we can
deduce

z~v!5
dk~v!

dv
5~6p2!1/3r~v!F E

0

v

r~v8!dv8G2/3

.

~15!

For simplicity, we study the enhancement and suppress
of SE of a two-level atom in a PC with the model DO
expressed by Eq.~10! using the parameterb51.488 for
vc1,25160.1, a51, andG50.1 ~see Fig. 1!. It should be
noted that the central frequency of the pseudogap is, m
accurately, 1.105v0 , which is numerically the zero point o
the DOS.

As has been shown in the experimental investigation@16#,
either enhancement or inhibition of the spontaneous deca
a molecule with a wide spontaneous-emission spectrum
be observed in a photonic crystal, depending on the mu
position of the photonic band gap/pseudogap and fluo
cence spectrum. Usually,v21 is situated aroundvc1 , anddl

is the detuning frequency ofv21 from the frequencyv21,
i.e., dl5v212vc1 .

Figures 2~a! and 2~b! show the plots of spontaneous
emission spectraS(v) of two kinds of two-level atoms in a
PC with this model DOS for the cases ofdl520.1 and 0,
respectively. Each of them is accompanied by a stand
Lorentzian spectrum centered at its corresponding radia
frequency 11dl . From Fig. 2, one can see that significa
enhancement and suppression do indeed occur at the
quencies that correspond to the DOS peak and valley, res
tively, with complete suppression at the zero-DOS frequen
which is in agreement with the Fermi golden rule. Especia
if the radiation transition frequencyvc1,2511dl is situated
near the low-frequency side of this model pseudogap, b
significant enhancement and suppression result in a dark
at the zero-DOS frequencyvc1 , with a clear redshift of the
maximum frequency and a significant narrowing of the em
sion spectrum. Similarly, if the DOS has a pseudoedge s
ated at the high-frequency side of its pseudogap, and
radiation transition frequencyvc1,2511dl is also situated
near the high-frequency side, they will result in a clear blu
shift. The redshift has just been detected by Koender
et al. @16# but the blueshift has not yet been detected.

IV. DISCUSSION

As pointed out by Liet al. @22#, although the DOS of a
PC exhibits significant oscillation over a wide range, on a
erage it follows that of the effective medium, i.e.,r(v)
;v2 in three dimensions, and this square DOS will pers
0-3
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FIG. 2. Plots of SE spectraS(v) of two kinds of two-level atoms in a PC with the model DOS described byrG(v) of Fig. 1. In ~a!,
dl520.1, and in~b!, dl50. Each of them is accompanied by a standard Lorentzian spectrumS0(v) centered at its corresponding radiatio
frequency 11dl .
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better in higher-energy regions. From Fig. 8 of the pape
Li et al. @4#, we can observe that the parabolic curves of
DOS of the corresponding effective media with an avera
dielectric constant depart slightly from the average curve
the DOS calculated for their special inverse-opal structu
This is due not to the error of our theory and Li’s main id
but to the positive departure from Maxwell-Garnett effecti
medium theory at high volume fraction of the dispersed sc
terers. It occurs because the DOS is proportional toneff

3 in
three dimensions, and a slight departure ofneff can lead to a
significant change of the average DOS. On the other ha
one can obtain an exact value of the average dielectric c
stant of the medium through fitting the average curves of
DOS calculated for some special dielectric structure.

In fact, in any actual PC there are a number of defects
may reduce all resonances present having over the SE. B
these unexpected random imperfections that plague any
perimental structure are much tinier than the radiation wa
length, their effects are small on the band structure and m
tend to smooth the change of the band microstructure
therefore smooth the change of the decay rate and emis
spectrum. This smoothing effect is expected to be simila
the effect of absorption in the sample@23,24# and not-so-
accurate spectrum measurement, which has been observ
almost every experiment reported and agrees with a w
band SE model and slowly varying photonic band-struct
model.

Theoretical enhancement and suppression of spontan
emission are significant, but they are not very easy to
serve because these results reflect the effects from thro
out the whole PC and are the average of all directions,
though, strictly speaking, enhancement and suppressio
spontaneous emission depend on local DOS. This can
detected by using integral-sphere technology. In a given
rection, the SE spectrum is usually different from the othe
i.e., angle-dependent just as most of the reported experim
detected@16#. Therefore, it is not surprising that a possib
phenomenon may appear wherein the emission is enha
03661
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in some frequencies according to the above calculations,
relatively suppressed emission occurs in these frequencie
some directions. Perhaps there are some directions in w
the detected spectra may be representative of the an
averaged total emission spectrum.

V. CONCLUSION

In conclusion, we have shown that the total number
states in a PC in the entire allowed frequency regime will
conserved and will be equal to that in the correspond
effective medium. From the conservation rule, we have
duced the theorem of states conservation within a modi
frequency regime in PC’s with pseudogaps, which says
if a valley of the DOS appears in some range of frequenc
it must necessarily be compensated for by increases
some other range of frequencies. This theorem has an a
cation in developing a model DOS for a pseudogap of a
because not every study in the literature gives a cor
pseudogap model of the DOS. Assuming a stat
conservative DOS, we have naturally obtained a DO
induced suppression and enhancement along with a red
or blueshift of spontaneous-emission spectra. Here, the
hancement of the spontaneous-emission spectrum is an a
lute one relative to the emission intensity in a vacuum
corresponding frequencies of the pseudoedge, but not r
tive to that at the frequencies of the pseudogap. The abso
enhancement and redshift or blueshift of spontaneo
emission spectra are the only new effects predicted by
states-conservative DOS model. Surely, as mentioned ab
our analyses should be used in the problem of the spont
ous emission of a collection of dependently emitting ato
or molecules with essentially random dipole orientations i
small volume of a photonic crystal with a small dielectr
modulation, i.e., the photonic crystal has a photo
pseudogap.
0-4
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